Exact two point correlation functions of sine-Liouville theory are presented for primary fields with U(1) charge neutral, which may either preserve or break winding number. Our result is checked with perturbative calculation and is also consistent with previous one which can be obtained by restricting the action parameters.
Introduction
Since early 80's the two-dimensional Liouville field theory (LFT) was recognized as the effective field theory of the two-dimensional quantum gravity [1] . Moreover, there have been considerable efforts to relate this area to the string theory, especially the non-critical string theory [2, 3, 4] .
Recently, the interest in this LFT [5, 6] was renewed with the observation of some dual relation between these theories and the alternative matrix model [7, 8, 9] , which was also described by the open string spectrum on the D-branes. From the string point of view, this duality could be interpreted as the open/closed string duality.
More interesting is that there exists a 1+1-dimensional black hole solution in gravity side [10] . The string propagation in this geometry is described by coset conformal field theory (CFT): SL(2, R)/U(1) for the Minkowski version and SL(2, C)/ (SU(2) × U(1)) for the Euclidean one. The question is how one can describe this black hole solution in terms of matrix quantum mechanics (MQM) since it was noted that there are no sufficient degrees of freedom for describing the black hole entropy in the singlet part of MQM theory [11, 12] .
On the other hand, it was conjectured that the string theory in the two dimensional black hole geometry described by the SL(2,R)/U(1) coset conformal field theory is dual to the (dual) sine-Liouville field theory (SLFT) with some special types of the parameters. This correspondence has not been proved but evidence for its validity has been presented [13, 14] . It was also claimed in [10, 15] that the vortices having a winding number on the worldsheet correspond to U(N) non-singlet states in MQM. With the help of the connection between vortices and non-singlet states in MQM, the integrable infinite Toda chain hierachy was constructed, relating the usual c=1 string with SLFT backgrounds. This allows one to compute the partition sum and the correlation functions of string perturbation theory. Thus, the study of vortices in the sine-Liouville theory may disclose black hole information corresponding to entropy and the Hawking temperature.
For integrable quantum field theory defined as a perturbed CFT [16] , LFT also proves an efficient tool to calculate vacuum expectation values (VEV) of local fields. In [17] , an explicit expression for the VEVs of the exponential fields in the sine-Gordon and sinh-Gordon models was proposed and in [18] that this expression was shown to be obtained as the minimal solution of certain reflection relations which involve the Liouville reflection amplitude [19] . The reflection amplitude idea was extended to boundary theories in [20] . In the presence of boundary the one-point function of LFT is obtained in [5, 6] In this paper, we will calculate the two-point correlation function of bulk sine-Liouville theory. In [21] , the two point function of exponential fields was computed for the case when winding mode is preserved and the action parameters are restricted to satisfy a special relation. We are considering the two-point function with action parameters unrestricted. In general, the two-point function may or may not preserve the winding number.
The plan of the paper is as follows. In section 2, we introduce the SLFT, and its conformal algebra as well as degenerate operators. In section 3, we use the degenerate operators to find the recursion relation of two-point function (the reflection amplitude) following Teschner [22] . The winding number violating two point function is explicitly calculated and the result is checked with perturbative calculation. The result is also confirmed to coincide with the one in [21] when the two point function is reduced to a special case so that the the winding number is preserved. section 4 is the conclusion and some remark is given.
2 Sine-Liouville Theory and Corresponding Conformal Algebra Sine-Liouville field theory action is given in terms of three bosonic fields
where q is a background charge
and R (2) is a two-dimensional curvature, whose term makes this theory conformal. For clarity, α, β and γ are considered real and positive. Holomorphic energy-momentum tensor is given as
whose composite operators are considered normal-ordered. Using the quantum equation of motion, one can show the conservation explicitlȳ
The first line in the right hand side comes from the classical equation of motion and the second line from the quantum effect.
In the free field limit (φ 1 → −∞), U(1) × U(1) symmetry is conserved;
In the sine-Liouville theory, however, one of these U(1) symmetries is explicitly broken and only one U(1) symmetry is preserved;
The conserved current is given under the transformation φ 2 → φ 2 + c γ, φ 3 → φ 3 − c β, with an arbitrary constant c, Under the global transformation, β∂φ 2 + γ∂φ 3 → β∂φ 2 + γ∂φ 3 + 2πN, with an arbitrary integer number N, the action is still invariant. Therefore, it is useful to introduce the broken U(1) symmetry quantum number for later convenience. The corresponding broken U(1) symmetry generator is defined as 6) and its quantum number is called soliton number or winding number. The symmetry generators show the operator product expansion (OPE) as the following:
where Reg means the regular term, c is the central charge
and k is the level of Kac-Moody algebra,
These symmetry generators introduce the Virasoro and the Kac-Moody algebra
Normal-ordered vertex operator at a point z is denoted as
where the parameters a, b and c are arbitrary and real. This primary operator has the OPE with T (z) and J(z), The interaction term in the action
is the screening operator, whose conformal dimension and U(1) charge are roze. Using this screening operator one may construct degenerate operator with U(1) charge neutral [23] . The operator V(a,b,c; z) becomes degenerate when
where
The degenerate operator withm =ñ = 0 only will be used in our approach since there is no interaction term of the type e α + φ 1 . For notational simplicity, we will denote the degenerate operator as 16) and distinguish the degenerate ones from other primary fields V(a,b,c; z) with a, b, c arbitrary.
Two-point correlation function
The two-point function V (a, b, c; 1) V (a ′ , b ′ , c ′ ; 0) is vanishing unless the two operators are of the same conformal dimension and U(1) charge Q is preserved. We may normalize the two point function as
Thus one may consider a two-point correlation function ; z) to obtain
where C (1,0) (a, b, c) is the structure constant in the OPE
In the sine-Liouville theory, however, consistency problem arises at level two. Note that at level two, two degenerate operators exist, V (1,0) and V (1, 0) . Let us consider the OPE
When V (1,0) and V (0,1) are used simultaneously, we have to get rid of the effect, V (1,−1) or V (−1,1) to obtain the restricted Hilbert space. The problem is that functional approach does not realize this restriction easily, using the screening operator insertions. Thus, it is safe to obtain the functional relation V (1,1) , instead of using V (1,0) and V (0,1) simultaneously. The same thing applies for V (m,n) , in general.
3.1
The simplest degenerate operator case, m + n = 1
We will consider the simplest case first, (m, n) = (1, 0) or (m, n) = (0, 1). The fusion rule of the neutral vertex operator with V (1,0) (V (0,1) ) is given as
where C (1,0) and C (0,1) are the structure constants. Here, we set C 0 = 1 since we do not have to insert screening operators. Then, C (1,0) and C (0,1) are given as
and
where γ(x) = Γ(x)/Γ(1 − x). Using the associativity of the three-point function, the functional relation between D 0 's is given as
which holds when a, b and c satisfy (a − q)/α = −b/β = −c/γ. The exact two point function is given by
This two-point function satisfies the symmetric properties given in (3.4). When (a − q)/α = b/β = c/γ, we have to use V (0,1) instead of V (1, 0) . In this case, we have the similar relation with (3.12) where β and γ are replaced with −β and −γ;
(3.14)
One might check the correctness of this result using perturbative calculation when a < q. Suppose
with a positive integer n. With n screening operators we have
Note that this integration does not converge due to the zero-mode integration and needs regularization. For this purpose, we slightly modify a into 2αa = −nα 2 + 2qα + ǫ where ǫ is small.
Then, (3.16) is rewritten as
The first term is still divergent at |x 1 | = 0 when ǫ > 0. We further introduce a UV cut-off Λ
Redefining the renormalized parameterμ = µΛ −2ǫ and performing the rest of the integral in (3.17), we finally obtain
This perturbative result coincides with the proposed exact correlation function in (3.13) ((3.14)) if the vertex operator parameter has the value in (3.15) and the cosmological constant is identified with the renormalized oneμ. This simplest case result with m + n = 1 can be extended to the case (m, n) = (m, 0) or (m, n) = (0, n) easily. Noting that the structure constant C (m,0) in V (m,0) V (a, b, c) is given by a product form of C (1,0) 's.
One has the functional relation 21) which is consistent with the result in (3.12). Likewise, the similar relation holds when (0, n) if (β, γ) → (−β, −γ).
Case with
When (m, n) = (2, 0) or (m, n) = (0, 2), the result is obtained in the previous section. When (m, n) = (1, 1), the degenerate operator has vanishing winding number and can be used to obtain the winding number preserving two-point function. Note that D 0 (a, 0, 0) = R(a, 0, 0) and D 0 (a, 0, 0) preserves the winding number in this case. From the fusion rule
the fusion coefficient C (1,1) is given as
This can be calculated using one screening operator (V + V − ).
where 
where a = q + nα. Even though D 0 (a, 0, 0) is obtained when a is a discrete number, we can analytically continue to arbitrary a. Suppose 4αq = m with m integer, then D 0 (a, 0, 0) is explicitly given in terms of gamma function:
For the special case m = 1 (2αq = 
Conclusion
In this paper, we present two types of two-point correlation functions (reflection amplitudes) of the sine-Liouville field theory: One preserves the winding number and the other is not. This winding number violating process might be useful to understand the U(N) non-singlet part in MQM, similar to the spectral flow giving stringy effects [24] . This is the difference of sineLiouville theory from the usual Liouville or N=1 super Liouville field theory [25] case, which does not support winding number process.
It is also noted that due to the existence of neutral degenerate operators at the same level with opposite non-vanishing winding number, the Hilbert space cannot be reduced easily in functional formalism. Without proper treatment of the Hilbert space, one may lead to inconsistency in the functional relations of correlation functions. To overcome this difficulty, we avoid using the product of degenerate operators to find the functional relations of two-point functions.
The explicit result of D(a, b, c) in the U(1) neutral sector is given for the cases: (a − q)/α = −b/β = −c/γ, (a − q)/α = b/β = c/γ, and b = c = 0 with a arbitrary. One may elaborate the calculation further. Suppose (m, n) is co-prime and the primary field is given as (a−q)/b = tα/β with t = (m + n)/(m − n) (|t| > 1). In this case, the functional relation is given as Unfortunately, this integration is not given in closed form yet, even though similar integration is present in [26] . The explicit form of the reflection amplitude with arbitray vertex operators might be desirable in a near future, considering the relation of the sine-Liouville theory with black hole entropy and with N=2 super-Liouville theory [27, 28, 29] which may be viewed as a special case of the sine-Liouville theory [13] .
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